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Abstract. There are various error functions for pattern classifiers. This paper 
analyzes the error functions such as MSE(mean-squared error), CE(cross-
entropy) error, AN(additive noise) in MSE, MLS(mean log square) error, and 
nCE(nth order extension of CE) error functions in a statistical perspective. Also, 
the analyses include CFM(classification figure of merit). The results of analyses 
provide considerable insights into the properties of different error functions. 
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1   Introduction 

Pattern classifiers can be implemented using a discriminant function. The functional 
value corresponds to the degree of confidence that an input pattern belongs to a 
certain class and the decision of classification is done by selecting the class of 
maximal discriminant value [1]. Alternatively, the classifiers can be implemented 
based on the posteriori probabilities and this provides the Bayes classifier [2]. 
However, it is difficult to estimate the p.d.f.(probability density function) or the 
probability distribution of samples. The Parzen’s window can estimate the p.d.f. of 
samples by locating the window function at each sample [3]. Still this method 
requires enough number of samples for the accurate estimation of the p.d.f.  

In many cases, the discriminant function approach attains better performance than 
the posteriori probability approach and this supports the popularity of discriminant 
functions. Conventionally, MSE(mean-squared error) function is used to train the 
classifier whose outputs become discriminant values [4]. As a variant of MSE, Wang 
and Principe proposed the additive noise method in the desired signal of output [5]. In 
order to deal with outliers of samples, Liano proposed MLS(mean-log square) error 
function [6]. CE(cross-entropy) error is another error function for performance 
improvement [7] and nCE(nth order extension of CE) error is a more advanced 
formulation of CE [8][9]. All these error functions are tried to be minimized when 
training classifiers. CFM(classification figure of merit) function is another approach 
to be maximized during training of classifiers [10]. 

In this paper, the various error functions are analyzed in a statistical way in order to 
provide insights into the properties of them. Section 2 describes the mathematical 
analyses and the comparisons among them. Finally, Section 3 concludes this paper. 
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2   Statistical Analyses of Various Error Functions 

Let T
Nxxx ],,,[ 21 L=x be an input sample and T

Myyy ],,,[ 21 L=y be an output 

vector of a classifier, of which desired vector T
Mttt ],,,[ 21 L=t is coded as follows: 
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Classifiers are trained to minimize the distance between t and y. MSE [4] defined by  
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is usually used as a distance measure. In the limit ∞→P , the minimizer of MSEE  for 

all P training patterns converges (under certain regularity conditions, Theorem 1 in 
[11]) towards the minimizer of the function 
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where {}⋅E  is the expectation operator, kT  is the random variable denoting the 

desired value, and X  is the random vector denoting the input sample. Since targets 
are coded as in (1), the square term in (3) can be written as 
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where ( )  ]| class from originates Pr[ xXXx == kQk is the posterior probability. Let us 

seek the function T
Mbbb ],,,[ 21 L=b  minimizing the criterion (3) (in the space of all 

functions taking values in (-1,+1)). For fixed ( )xkQ , 0< ( )xkQ <1, the optimal solution 

is given by )(Xb , where the components of b  are given by [8][11] 
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For performance improvement of MSE, additive noise in the desired signal was 
adopted as  
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where kn  is the zero-mean white noise with variance 2σ [5]. Then, since the random 

noise is independent of the desired and real output values,  
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Here, kN  is the random variable denoting the noise. By applying (4), the minimizer 

of (7) has the optimal solution vector whose components are the same with (5).  
CE [7] error is defined by 
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When we derive the optimal solution for minimizing 
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the result is the same with the MSE case. 
As an extension of CE, nCE error [8] is defined by  
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The optimal solution for minimizing ( ){ }XnCEEE  is derived and the kth component is 

given by [8] 

 ( ) ( )( )( )xx knk Qhgb = , (11)

where 

n

n q

q
qh

1

1
)( ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −=  and 
u

u
ug

+
−=

1

1
)( . (12)

Also, nhg o is strictly increasing. 

In order to suppress the huge amount of weight updating by outliers, MLS error 
function [6] was proposed by 
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Then, 
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Using the same procedure, the kth component of optimal solution vector for 
minimizing ( ){ }XMLSEE  can be derived by 
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where 
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It is easy to show that ( )qh 1−  is a strictly increasing function of ).1,0(∈q  

Contrary to the error functions which are minimized during training of classifiers, 
CFM is a criterion function to be maximized. CFM is defined by  
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where cy denotes the correct node and ky  denotes the incorrect node [10]. Therefore, 

the expectation is 
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Since the fraction term in the integral is a monotonic increasing function of 
( ) ( )xx kc yy − , ( ){ }XCFME is maximized when ( ) ( )xx kc yy −  is maximized. For a 

specific x  in the class c , cy is trained to be 1 and )( ckyk ≠  is trained to -1. That is,  
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As a result, the kth component of optimal solution is given by 

( ) ( ) 12 −= xx kk Qb . (20)

 

Fig. 1. The optimal solutions of ( )xky  for minimizing the expectations of MSE, AN, CE, nCE, 
and MLS error functions and for maximizing the expectation of CFM. ( )xky  denotes the  
kth output of classifier and ( )xkQ  denotes the posterior probability originates Pr[X

 
 from
 

 ]| class xX =k  when a random vector X  is presented to the classifier. 
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Fig. 1 shows the optimal solutions of the various error or criterion functions. In the 
MSE, AN, CE, and CFM cases, the optimal solution is proportional to ( )xkQ . The 

optimal solution of nCE has a rapid slope when ( )xkQ  is near to 0 or 1. On the 

contrary, MLS has an optimal solution which is gentle when ( )xkQ  is near to 0 or 1. 

Although the curves of optimal solutions are different in some cases, all the error 
functions have optimal solutions which are strictly increasing functions of ( )xkQ . 

Therefore, the Bayes classifier can be defined with the decision rule “decide k, if k = 
max ( )xky ”. 

3   Conclusions 

This paper analyzed various error or criterion functions for classifiers in a statistical 
perspective. MSE, AN, CE, and CFM have the same optimal solution of classifier 
output, which is proportional to the posterior class probability. nCE and MLS have 
some rapid or gentle slopes when the posterior class probability is near to 0 or 1. For 
all error or criterion functions, the Bayes classifier can be defined with the “max” 
rule. 
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