Machine Learning
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10.1. Dimensionality Reduction

« High dimensional data - images, bag-of-words, protein-expressions etc.

 Data will typically lie close to a much lower dimensional space, provided underlying
structure of data.

 What

 Given a-dimensional data, reduce it to &-dimensional data, £ < 4 while
preserving as much information as possible

« Why?
« Time complexity: Less computation
« Space complexity: Less parameters
The cost of observing the feature
Simpler models: robust on small datasets
More interpretable; simpler explanation
Data visualization if plotted in 2 or 3 dimensions



Feature Selection vs. Extraction

* Feature selection
» Choose k<d important features, ignoring the remaining (d-k) features
 Subset selection algorithms

 Feature extraction
* Project the original d dimensions to new k<d dimensions
* Principal component analysis (PCA)..chap. 10
e Linear discriminant analysis (LDA)..chap. 3
 Factor analysis (FA)



Feature Selection

.« 24 possible subset selection from d features — cannot enumerate all of them

* Forward Search (set of features F)
* Initial set of features @
* Find the best new feature j=argminErr(FUz,)
+ Add x; to F if Err(FUx;) < Err(F) else stop

« Backward Search
e Start with all features
« Remove one at each iteration, if possible

* Floating Search
« Add some features and remove other features at each iteration



10.2. Principal Components Analysis (PCA)

* [dea:

* Project ad-dimensional data points onto lower dimensional space while
preserving as much information as possible

* In particular, choose projection that minimizes the squared error In
reconstructing original data

* Given d-dimensional data x, learns the top m-dimensions where
* the dimensions are orthogonal

* the reconstructed data as a linear combination of the top m-dimensions
minimizes reconstruction error (sum of squared errors)



Maximum co-variance and orthogonality
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PCA of a multivariate Gaussian
distribution centered at (1,3) with a
standard deviation of 3 in roughly the
(0.866, 0.5) direction and of 1 in the
orthogonal direction. The vectors
shown are the eigenvectors of the
covariance matrix scaled by the square
root of the corresponding eigenvalue,

“ and shifted so their tails are at the

S =i =i v 7 & & i Mmean.




10.3. Eigenstructure of Principal Component Analysis

Zero - mean random vector :

_ T
X =[X1,X5,+, Xq]

projection unit vector :

w = [ Wy, wa ] and  w] = (wTw)'? =1
Projection :

z=w'x and E[z] = E[WTX] =w' E[x]=0
Variance :
0% = E[zz] - E2[z] = E[(WTX)(XTW)] =w' E[xxT Jw = w! Sw
Correlation Matrix :
S= E[xxT]

The variance of the projection z is a function of the unit vector w

w(wW) = % =w'Sw



If w is a unit vector such that the variance probe y(w) has an extremal value,
for any small perturbation ow of the unit vector w
(W +0w) =y (W)
w(W +ow) = (w + 5W)T S(w +ow) = w! Sw + 2(5W)T Sw + (5W)T Sow
Ignoring the second - order term (5W)T Sow
w(W + ow) = w! Sw + 2(5W)T Sw =y (w) + 2(5w)T Sw
Hence
(ow)' Sw =0
Restriction
W+ ow| = (W + ow) (w +ow) =1
(Sw)' w =0
(W) Sw - A(6w)"w =0 equivalently (sw)' (Sw-Aiw) =0
Eigenvalue Problem Sw = Aw



Eigenvalue Problem Sw; = A4;w;, J=12,..,d

Let the corresponding eigenvalues be arranged in decreasing order

Associated eigenvectors
W =[Wq, W5, Wa,...Wq]
Orthonormality

w{ w; =1(if i=j) and O otherwise W'W =1

Basic data representation

Zj:WEX, J=1,2,...,d : principal component

d

z:[zl,zz,zg,....zd]T =W'x and x=Wz = E _1zjwj

j
Dimensionality Reduction

V4 k V4 d
X = E _ ZJ-WJ- e=X-X = E _ ZjW
j=1 j=k+1

J



EES O N

2 (10325)% §=8)RAL (103245 Ulsha

)=~

d
Elel= £ 3} sufwsl= 3 A=

|

1
-

d
Y w!Elrz"w,
—Fk+1 . : : )

©(10.3.26) |




PCAS] 93] 2HY 24 T 29w WE 73} 29 03} e7} ZH2F 4] (10.3.23)3} (10.3.24)
2 ZolFlth § WE o'% o7t QWS HolT, o]F Aolo] WAZ 29 W 1Yo
Urehfofet




10.4. Understanding PCA

Define z = W' (x — m)
« W: Columns as eigenvectors of S (estimator to )
« m: Sample mean
e Centers the data at the origin and rotates the axis

X2 Z,




The Size of Reduced Dimension

« Larger eigenvalues contribute more to variance of z

@ POV(Proportion of Variance) |
« Rule of thumb POV>O9

B VR W
[ VS VTR W

Prop. of Var
o
[$))

POI =

0 50 100 150
Eigenvectors

@ Stop at elbow of 4,

3 Keep the eigenvectors whose eigenvalues are larger than
average of eigenvalue

Eigenvalue
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Reducing the dimension of digits

SPSISIASISISISI=|C1S
SPSISISISISISISE=|c]S

Top row : a selection of the digit 5 taken from the database of 892 examples.
Plotted beneath each digit is the reconstruction using 100, 30 and 5 eigenvectors
(from top to bottom). Note how the reconstructions for fewer eigenvectors express
less variability from each other, and resemble more a mean 5 digit.
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Reducing the dimension of faces

Figure : 100 of the 120 training images
(40 people, with 3 images of each
person). Each image consists of

92 x 112 = 10304 non-negative
greyscale pixels. The data is scaled so
that, represented as an image, the
components of each image sum to 1.
The average value of each pixel across
all images is 9.70 x 10~°. This is a
subset of the 400 images in the full
Olivetti Research Face Database




Reducing the dimension of faces

(b)

Figure : (a): SVD reconstruction of the images using a combination of the 49
eigen-images. (b): The eigen-images are found using SVD of the above data and taking
the 49 eigenvectors with largest eigenvalue. The images corresponding to the largest
eigenvalues are contained in the first row, and the next 7 in the roew below, etc.



