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4.1. Classification

 Credit scoring example:
* Inputs are income and savings
« Qutput is low-risk vs. high-risk

Savings
| Low-risk

« Formally speaking
High-risk

® ®

e Input: x = [z1, z2]?
 Output: C € {0,1}

« Decision rule: if we know P(C|Xy, X5) * o

C=11if P(O’ — 1|$1,$2) > 0.5 >
choose I
C' = 0 otherwise ncome

« Or equivalently,

C=11if P(O’ — 1|:1:1,:I:2) > P{C’ — [}|:1::1,a:2)
choose
C' = 0 otherwise

« And the probability of error:
1 —max [P(C = 1|z1,z2), P(C = 0|z1, z2)]




4.2. Bayes' Optimal Classifier

* Bayes rule for one concept prior likelihood
posterior
P(C '
p(x)
evidence

P(Oi)P(X|Cz‘)
p(x)
_ p(x[G)P(Cy)
> 1 P(x|Ck) P(Ck)

» Bayes rule for K > 1 concepts  p(c;|x) =

 Decision rule using Bayes rule (Bayes optimal classifier):

« Choose arg max P(Cr|x)
k
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4.3. Losses and Risks

Credit scoring problem
 Accept low-risk applicant — increasing profits
 Reject high-risk applicant — decreasing losses
> increased loss by accepted high-risk applicant # decreased gains by rejected low-risk applicant
 Errors are not symmetric! — Maximizing gains? Minimizing Losses?

Define
a;. Action assigning input to class C;
Air: Loss of a; although the real class is C

-
Expected risk: H(a;lm)::g})ﬁ-ﬁ(glaﬂ

Decision rule (minimum risk classifier): Choose arg min,R(Clx)



True Classes |
_ C, C:
HYPch‘?SiZEd Ci{ay) A1l A1z
. Classes . Co{arg) Ag Agg
o] He 7t FsWE JUE AAgH =
. R{ﬂl 3?}: _)*11.3:’{(:1 3?} "‘.szi_ﬁg .-’F) L ("‘133) .
' Rfﬂg I} = /\’hg]_P':r(*]_ I} +A22P{€g I} ' ' ' ' ' ' ' ' (4:.3.4) '

o} zro] 7-”,-&.]_},;_]]__,} n].or :-"_Erﬂ o= trl-z-lzﬂ ﬁwug] g (AH_UJG] = e )
BT 0] 10, =1i=k)ol HES_ol&, “0/1 £2” olekm T A4l |
AR Rladz) = P(CGl)°) AL Rlale) = P(Cla) o] Ho), $1RE7} e 2
22 ARSE AL F8o| 2 F~2 AR A} gopr,




o2~

T 55 A4 G0l ofF T831 GE TEEHE &40 4Rt 39S 7HEsH, &
ARV} offje} o] Fojnt. WEAS okl WE FFS (P(Clz), P(Gylz)) S3t0 &
Alstet. o “0/1” &9 79t vlaste] Het

True Classes

Hypothesized Ci(ay) 0 1
Classes Cy(,) 9 0



0/1 Loss and Rejection

* 0/1 loss - _._:|{U-if i =k
R 1if o=k

Rla)z) = ZAEkP (Clz)= Y P(Clz)=1— P(Clz)

k=1

* Minimum risk classifier = Bayes optimal classifier

* Rejection | {0 it 1=k
Ap =1\ if i = K+ 1,0< A<
1, otherwise

I . . - .
Rlag. Jz)= S AP(Clz) =2 ala: kZ#)P C;l:s =1—P (C-;h:)
A e ;

Choose C: ifR(ajxr) < Rlaplx). Vk=1 - Chggc_;e C‘E 1fP(C'| )}P(C}fhz:) \r’k‘;—"?
Rlajz) < Rlageqle) -~ - P(Clx )3}1—)\

Reject -ifR(aﬂ—-_ﬂ&?)‘iiR-(&'fl&?)vﬁ:1-.2----'-H' Reject  otherwise



4.4. Discriminant Functions

o Classification = implementing a set of discriminant
functions g;(x)
* Choose C; if g;(x) = max gr(x)
« Note: o

[ — R(oy]x) Minimum risk classifier
9i(x) = J P(C;|x) Bayes classifier with 0/1 loss
\P(C,-)p(xlO,-) ditto

o Discriminant function divides the input space into K
decision regions

- Ri = {xlai(x) = maxau) | "

o If K=2, g(x) = g,(X) - g,(x) and

Cq if 0
Choose { 3 g(x) 3

(5 otherwise

P(Cy|x)
P(Cs|x)

« Whenis..? 9(x)=log




Likelihood-based vs. Discriminant-based

 Likelihood-based classification

Learn (estimate) distribution p(x|C;) , and use Bayes’ rule to
calculate p(C;|x) : g;(x) = log P(C}|x)

« Discriminant-based classification

Learn g;(x|®P;) directly from data; no density estimation

 Estimating the boundaries is enough; no need to accurately estimate
the densities inside the boundaries!



4.5. Linear Discriminant Function

e Linear discriminant
d

g; (xX|wW;, w;g) = ng + wig= > w;; T + wig
i=1
- Advantages:
« Simple: O(d) space/computation
« Knowledge extraction: Weighted sum of attributes; positive/negative
weights, magnitudes (credit scoring)

« Optimal when p(x|C;)are Gaussian with shared covariance matrix;
useful when classes are (almost) linearly separable



g(x) = Wi1Xq + Wy X9 + Wgo = 0

: g(-:r:} =wlz+ wy

Cq1if g(x) >0

choose _
{Cg otherwise

(52)



Two points x; and x, on the decison surface

900 = 0 wT +wy = w7E + (4.53)
w' (£, —z,) =0 4.54
gx) <o gx) >0 b 4-54)
wol/|1wl] B
T Tl o _(4'5'6_)

w x Position from the origin

% lg@)l/lIwl

Xq rg = g0) %o (4.5.7)
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Multiple Classes (One-vs-All)

H, . |
X, 9;(x|w;, wi0) = W; X + w;g
A Hl |
e o = Choose C; if g;(x) = maxg;(x)
@ @ | - - [ - J
° o - Classes are linearly separable
® OO [ | C3
Cy s =
A A AAA A
A A ]—]2
A A
s
X1




Pairwise Separation (One-vs-One)

H

X 31 —
s 9ij (X|Wij, wijo) = Wi;X + wijo
e o m. (S 0 ifx e C,
@ ()
oOo -:-!- (x) =< 0ifxeC;
H ® Oo [ Cg ng - J _
21 ¢ . ™ | don't care otherwise
A A AAA A Choose C; if Vj # i, g;;(x) > 0
A A Hj3
A A
Ca
X1




4.6. Single Layer Perceptron

, o S
Y= D Wi, + wy = djwpr, where 2g=1- - - - . {(46.1)
k=1 E=10
SR ..f ’I'-;_,'U L
= flo)= - WL ¥~ {4.6.2°
.y .fiy} 10 otherwise o ( . )

Threshold function: outputs 1 1
when input is positive and 0
otherwise — perceptron

Logistic sigmoid function
N S S ——
J(‘L) - 14e—2
Differentiable — a good
property for learning _
y=fy)=——  (463)
l1+e ¥



Impulses carried toward cell body

\ dendrite
presynaptic
terminal

axon

cell body——"

Impulses carried a\'/vay
from cell body

Z( wo

*@® synapse
axon from a neuron
WoTo

Ihis image by Felipe Perucho
is licensed under CC.EY 30

cell body f (Z i+ b)
w1 i
> w;z; +b >
zz.: " f output axon
activation
Wo Ly function

Side-by-side illustrations of biological and artificial neurons, via Stanford’s CS231n. This analogy can't be taken

too literally—biological neurons can do things that artificial neurons can't, and vice versa—but it's useful to
understand the biological inspiration. See Wikipedia's description of biological vs. artificial neurons for

more detail.



Single-Layer Perceptron with K Outputs
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4.7. Training Perceptron

Gradient Descent

Err(X|w) is the error with parameters w on sample X’
« Want: w* = arg rlli.r‘l Err(X|w) A

Gradient

OF OF or 1t

v“r.&?'.f'?" — |- ' yroer
Jw1 Owo dwy

v

Gradient-descent Wttt yt
+ Start from random w and
« update w iteratively in the negative direction of gradient




Gradient Descent

Training Sample  z' = [z, 25, ....25]17 X
Perceptron Output y! Desired Output rt

Regression (Linear Output)

. yt = E H,-'Izc;l'i : ) . . ) . . ) i (4?.1)

E=1
E=5Ui=y) @72
OE_OE W _ (ot (47.3)
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Gradient Descent

Training Sample 2 =[21. 25, ....a%

Perceptron Output y*

Classification (Sigmoid Output)
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Desired Output rt
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Expressiveness of Perceptrons
« Consider perceptron with a = step function

wo = —-1.5 wg = -0.5 wn = —-0.5
wq 5‘ w1y =1\‘ w1y =\
—— —_—h —_—
wo V wo :1/"
AND OR NOT

« Can represent AND, OR, NOT, majority, etc., but not XOR

N T

a) f, and /- (b) urf (c) I, xor {5

» Represents a linear separator in input space: >jwjz; >0 < w'x >0
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