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11.1. Problem Statement

 Cocktail Party Problem
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* Unknown mutually independent source signals
with zero means

S.(t), 1I=1---,n
* The model for sensor signals
X(t) = A-s(t)

 Problem

 To recover the original signals except for a
permutation of indices and scales

« Estimation of an unmixing matrix
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Blind Source Separation by ICA
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 Independent Components of Natural Scenes
(Bell and Sejnowski, Vision Research 1996.[2])
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* Independent Components are Edge Filters
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Assumptions and limitations on ICA

« Basic assumptions:

- Individual source signals are statistically independent of the other
source signals.

o # of sources < # of observations
e X =As s=Wx

* Limitations:
« Scale and sign indeterminacy
« We cannot determine the variance of sources
« X =As =(A/a) (as)=A’s’

« Permutation indeterminacy
 \We cannot determine the order of sources

* Sources should be non-Gaussian. At most one source can be
Gaussian.



11.2. Information Theory

* What is Entropy?

 Definition: The average amount of information of the
source.

H,(8)= 2 Pl ()= plog, —-

H,(8)= . pil(p) =) p log, — (bts)

* EX) Two Symbol Sources

1 1 i |
H,(p) = p|0926+(1— p) |092ﬁ (bits) ¢l 1/2 1



- Differential Entropy ~ H(X) z—j n(x) log p(x)dx

« Bounded Case: Uniform Distribution
« Unbounded Case: Normal Distribution (Gaussian)

« Joint Entropy

H (X, X,) ==[ p(x., %) log p(x,, X,)dx,dx,
 Mutual Information

. p(Xl’XZ)
[ (X X,) = 1 Xo) dx,dx,
(X3 %,) = [ p(%, %,)log ) )




HX, X,) = HX,)+ HX,) - [(X3:X,)

H(X,) H(X5)

H(X1, X,)
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11.3. Probability

Probability Density Function

Py (X) : probability density function of x
py (y) : probability density function of y = g(x)
Assume g(x)is a monotonic increasing function, then
py(y)dy =Pr{y <y <y +dy}
This set consists of theinterval x < x < x + dx
(decreasing: x+dx < x <X, dx<0)
py(y)dy =Pr{y <y <y +dy}=Pr{x <x < x+dx}= py(x)dx
(decreasing : p, (y)dy = Pr{x +dx < x < x} = p,(x)|dXx|)
Therefore,for monotonic function of y = g(x)
Px(X) _ px(X)

dy|  |g"(x)
dx

py(y) =

y +dy

g(x)

y +dy

x X +dx

g(x)

X

x+dx x
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11.4. InfoMax Algorithm

Objective Function of ICA

* Objective Function of ICA

i

* Minimizing Mutual Information
* Maximizing Entropy H(y)

©

X = As(?)
u=WHx

S ?<<‘>A y =g(u)

g(.):c.d.f.of source distribution
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p(yi

_/

y=g(u)
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H(Yl’YZ)

1(Y1;Y5)



Maximizing Output Entropy: InfoMax

« Joint entropy at the outputs

H(yliu"yN): H(y1)+”'+H(yN)_I(yliu"yN)

where H (yi) =—E{log p(yi)}

o Pdf of the outputs
P p(x)

ply) = ‘J( )

 Joint entropy at the outputs

H (y) =—E{log p(y)}= E{log[J(x)[} - E{log p(x)}
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One Input One Output

« Stochastic gradient ascent learning rule " °

Py (%) N
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U=wWx+wo, y=r"5  Py(y)=

1
1+e’

H () = -Ellog p, ()] = -| py (y)log p, (y)dy = E[loglay/8x]]- E[log py ()]

BH(y) a . lay| lay|* 8
A = =
W ow ow log ox| |9X| ow (ay/ax)
dy dy ou _
X AU ox wy(L-y)
8 3y _
o ax y@-y)@d+wx(l-2y))

1 .
Aw o< o +X(1-2y) Similarly Awg o< (1-2y)

Aw, :centre thesteepest part of thesigmoid surve on the peak of p, (X)
Aw :scale theslope of thesigmoid to match the variance of p, (X)
py (y) :flat unit distribution



11.4.

InfoMax Algorithm: N—» N Network

« Stochastic gradient ascent learning rule

e Jacobian of the transform

K

J(x) = det

AW oc

OX
Y,
OX,

[
OX,
oy,
OX

n

oH(y) _
oW

0

=——log|J|

oW

= det(W)ﬂ

N
ou

oy oy ou

OX  ou OX



 Learning rule
log|det(W)|+ Z— log

AW oc oH () 88

oW ~ oW ou.

ap(u)

— (W™ ou X7
=(W'")" + (W)
= (W) ()"

where ﬁp(U,)
ou. |
p(u)=—= and ¢(u.) =- ! (Score function)

| p(ui)
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* Natural Gradient (or Relative Gradient)
(Amari, Neural Comuptation, 1998. [31]) 03

T 0.25f
Q
0.2

AW oc aglv(\il) WIW =[(W") ™ —p(u)x' IW'W "]

0.1r

0.05

—[1—p(u)u" W e s 9 0 v

-How can we decide the score ft.:Ext. ICA (T.-W. Lee et al., 1999.[32])

o(u;) =U; +k; tanh(u;)
where k; = sign (Efsech?(u,)}E{u?}— E{[tanh(u,)]u,})




Flex. ICA: Generalized Gaussian
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11.5. Comparison with PCA and Applications

 PCA
Calculate covariance matrix R, =E(x-X)x—-X)"

Using SVD, find M eigenvalues and eigenvectors.

Choose L eigen vectors corresponding to L largest eigen values.

L Largest eigen values
S

Y <
A \

L]

( R T
R 'ﬁ't.:‘. .

| \ M/‘ LM : SRR

M-L small eigen values . :
i ‘_"'-51.:3'* £



Comparison of PCA and ICA

 Independent = uncorrelated ?
Only for Gaussian data
dependence = correlation

Generally,
dependence # correlation



Whitened signal and independent signal

Observations Whitened Independent



Unifying Information-Theoretic Framework(1)
H(Yl’YZ)

H(Y,) H(Y:)

ﬂ

« Max. H(y): InfoMax 1(Y,:Y,)

* Minimizing Mutual Information
» Negentropy Maximization

3(u) = D(p() I pe (W) = [ p()log 2 q
P (U)




Unifying Information-Theoretic Framework(2)

« Maximum Likelihood Estimation

p(x) = |det(W) p(u)

L(u, W) = log|det(W) + ZN: log p. (u.)

op(u)
AW o oL(u, W) — (W) 4 ou T
oW p(u)

= (W)~ p(u)x’



Unifying Information-Theoretic Framework(3)

* High-Order Moments and Cumulants
* Nonlinear PCA
* Bussgang Algorithms

(Te-Won Lee et al., Computers and Mathematics with Applications,
2000. [1])



Applications of ICA

* Image processing

 e.g. denoising, feature extraction, etc

» Biomedical data analysis
* e.g. anaysis of EEG, MEG, ECG, etc...

» Speech and audio processing

* e.g. speech separation, feature extraction

 Telecommunication
* e.g. MIMO System, etc.

* Bioinformatics
* e.g. micro-array data analysis, etc

* Financial data analysis




* Blind Source Separation of EEG Signals

ICA Components

Corrected EEG

Original EEG
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11.6. Projection Pursuit Learning for Latent Structure

Data Model z(t) = As(t)+nlt)
where s(ﬁ)E:R‘:”(ﬂ;ff--_i: ;‘Vj are independent sources.

pls)=1II"% p(s,)

Objective -
u(t) = Walt)

where Ww=RTMP< N)

If P=2, visualization!
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O KL (pelpg) = (W, W)™ Why+ Elf(w)
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AW, = 0, (Fr flu, W)W,



L
by
o X
_ ®
g
0L X
®OK

2te} o



11.8 Convolved Mixtures: ANC vs. BSS

Noise
Source
Source 1 = P » u,(n)
e BSS
Source 2 > U,(N)



Adaptive Noise Canceling(ANC)

Primary

Input System
Signat | :O— s(n)+r(n) o g?g: )m
Source e —\‘ L/, -

Reference %
A Input :
Noise ;_’: _____________ I — ri(n) J A‘;fgtwe z(n)
Source A » ‘; (ze)r
X

+ System output  u(n)=s(n)+r,(n)- > w(k)r,(n—k)
 Minimize the qutput POWEr  min E[u®] = E[s*]+ min E[(r, - 2)*]
« The LMS algorithm Aw(K) oc u(n)r, (n—k)



ICA-Based Approach to ANC [36]

« Maximizing entropy
« Set dummy output v=r,

H (Y, y,) = ~Ellog(p(y,. y,))] = —Ellog %))

[J]
:aylaY2_ay1aY2:@ylay2
OX or, o, 0X 0ou ov

* Learning rules of adaptive filter
coefficients In ANC (Park et al. 2002)

AW(k)ocaH(yl’yZ): 0 I0g|J|:(%jl 0 (8ylj
ow(k)  ow(k) ou ) ow(k)\ ou

=pun))r(n-k) where 1 4
¢(U)=—@ylj ’)
u/ ou

where J




Known Noise Source

Input Signal with Noise

Output Signal after Process
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Time Domain Approach to BSS

« Convolved mixtures 1) —| W) | =@ 4 S
W;ifz)
X (n) = ZZaU (k)s; (n—Kk)
j=1 k=0 W,
 Feedback architecture xAm)——{ Wof2) |3 b e
K
0, () = 2w, ()% (=) + > > w, (u, (n—k)
k=0 J=1, j=i k=1

* Learning rules
AW (0) oc 1/ W, (0) - p(u, (M), (n), P, ()
AW“ (k) oC —(D(Ui (n))Xi (n — k), K # O, ¢(ui (n)) _ aui (n)
Aw, (k) o<~ (u, (M)u; (1K), i # j p(U, (1)




Frequency Domain Approach to BSS

* In the frequency domain

X:(n)=A;-S;(n), Vi
« Complex score function

=>| W

op(u) L =| #

) o | Fourier | o«
(D(Ui)z— I exp(j°ZUi) ¢ | Transform | « @
p ul‘ Xpfn)— ¢ ‘

=) Wy

e Learning rule
AW <[l —p(u)u™ W

L eee [ ]l

Inverse
Short-Time
Fourier
Transform
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